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Abstract
All point-sets of minimum size in PG(2, q), q even, that meet every external line to a conic in PG(2, q)
are classified.
c© 2005 Elsevier Ltd. All rights reserved.
MSC: 51E21
1. Introduction
Let C be an irreducible conic in the desarguesian plane PG(2, q). There are exactly (q−1)q/2
lines of PG(2, q) which do not intersect C at any point in PG(2, q). Each of these lines is called
an external line to C. A point-setK in PG(2, q) which blocks the external lines to C, i.e. incident
with each external line to C, is called a blocking set of external lines to C. The main problem is
to find the minimum size for blocking sets of external lines to a conic, and to give a geometric
construction for those which attain such a limit. This problem has been solved so far for odd q
by proving that the minimum size is q − 1, and that for q ≥ 9 any blocking set of external lines
to C of size q − 1 consists of a chord r of C minus the two common points of r and C, see [1].
In this paper we deal with the even order case. We prove that the above result does not hold
for even q as two more possibilities for the minimum size occur. Henceforth q is assumed to be
a power of 2.
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Theorem 1.1. The minimum size of a blocking set of external lines to an irreducible conic C of
PG(2, q) is q − 1.
Theorem 1.2. Let C be an irreducible conic of PG(2, q), and let N be its nucleus. For a
blocking set K of external lines to C with |K| = q − 1, one of the following occurs:
(1) K consists of the points of a chord r of C, minus the two common points of r and C.
(2) K consists of the points of a tangent line to C, minus the tangency point and N.
(3) For q square, K consists of the points of a Baer subplane Π such that |Π ∩ C| = √q + 1
and N ∈ Π , minus N and the common points of C and Π .
2. Polynomials vanishing at points uncovered by the lines of a line-conic in PG(2, q), q
even
In PG(2, q), a line-conic is defined to be the set C of all lines in PG(2, q) whose Plu¨cker
coordinates satisfy an irreducible quadratic equation over Fq . A line-conic consists of q + 1
lines, and the points of PG(2, q) are of three types, according to whether the point is uncovered
by the lines of C, or covered by either one or two lines of C. The locus of points covered by
just one line of C is a line N 6∈ C which is called the line-nucleus of C. The subgroup G of
PGL(3, q) preserving C also preserves N and acts on the points of N as the projective linear
group PGL(2, q) on the projective line PG(1, q) over Fq .
Note that if C is given in its canonical form, i.e. it consists of all lines of equation
a1X+a2Y+a3T = 0 with a21 = a2a3, then its line-nucleus has equation X = 0. Furthermore, the
points uncovered by the lines of C are the points (m, λm2, 1), with m ∈ Fq ,m 6= 0, and λ ∈ C1.
Here, C1 stands for the set of those elements s ∈ Fq for which the polynomial x2 + x + s has
no roots in Fq . In fact, a point (m, b, 1), b 6= 0, is uncovered by C if and only if the polynomial
x2 + x + b
m2
has no solution in Fq . Note that every point (u, v, w) with vw = 0 is covered by
the lines of C as both Y = 0 and T = 0 are lines of C.
By duality, a blocking set of external lines to a conic corresponds to a line-set in the dual plane
which covers all those points uncovered by the lines of the corresponding line-conic.
Theorem 2.1. Let C be a line-conic in PG(2, q), and Γ an algebraic curve defined over the
algebraic closure F¯q of Fq . If Γ passes through every point uncovered by the lines of C, then
the order of Γ is at least q − 1.
Proof. Assume on the contrary that there exists an algebraic curve Γ defined over F¯q of degree
d with
d < q − 1, (1)
such that Γ passes through every point uncovered by the lines of C. Let G denote the set of all
such curves Γ . Clearly G is left invariant by G. Choose a reference system in which C consists of
the lines of equation a1X + a2Y + a3T = 0 with ai ∈ Fq and a21 = a2a3. We need the following
lemma.
Lemma 2.2. Every Γ ∈ G passes through the points of the line-nucleus of C.
Proof. Since G acts transitively on N it is enough to prove the statement for P = (0, 0, 1), that
is f (0, 0) = 0 for every polynomial f (X, Y ) over F¯q of degree d satisfying
f (m, λm2) = 0, for every m ∈ Fq \ {0} and λ ∈ C1.
38 M. Giulietti / European Journal of Combinatorics 28 (2007) 36–42
Let f (X, Y ) =∑ ai j X iY j . It is straightforward to see that for every non-zero element u ∈ Fq ,
the polynomial
fu(X, Y ) =
∑
ai j (uX)
i (u2Y ) j =
∑
ui+2 jai j X iY j
is such that fu(m, λm2) = 0 for any m ∈ Fq , m 6= 0, and for any λ ∈ C1. Clearly, the same
holds for the polynomial
f¯ (X, Y ) =
∑
u∈F∗q
fu(X, Y ).
Let f¯ (X, Y ) =∑ bi j X iY j . Then bi j = (∑u∈F∗q ui+2 j )ai j . By Lemma 6.3 in [3],
bi j =
{
ai j when either i = j = 0, or i + 2 j = q − 1,
0 otherwise.
(2)
This shows that f¯ (X, Y ) = a00 + ∑ b j Xq−2 j−1Y j , with b j ∈ Fq . From (1) and the fact
that deg f¯ (X, Y ) ≤ d, both b0 = 0 and j ≤ 12 (q − 2) hold. For every λ ∈ C1, we have
f¯ (x, λx2) = 0 provided that x ∈ Fq . Hence a00 +∑ 12 (q−2)j=1 b jλ j = 0. This yields that the
polynomial g(T ) = a00 + ∑ 12 (q−2)j=1 b jT j is identically zero, as it has q/2 distinct roots. In
particular a00 = 0; hence f (0, 0) = 0. This completes the proof of the lemma. 
Lemma 2.2 together with (1) yields that every Γ ∈ G is reducible as it contains the line-
nucleus as a component. Then the curve of degree d − 1 arising from Γ by removing this line
still passes through every point uncovered by the lines of C. But this contradicts the minimality
of d . 
Curves of the same degree passing through every point uncovered by the lines of a line-conic
of PG(2, q) constitute a linear system. For the minimal degree, we compute the dimension of
such a linear system.
Theorem 2.3. The linear system of algebraic curves of order q − 1 passing through every point
uncovered by the lines of a line-conic of PG(2, q), with q even, has dimension q−1. Such points
impose independent conditions on the algebraic curves of degree q−1 which pass through them.
Proof. We keep the notation of the proof of Theorem 2.1. Let V be the linear space over Fq of the
polynomials f ∈ Fq [X, Y ] such that deg( f ) ≤ q − 1 and f (m, λm2) = 0, for any m ∈ Fq \ {0}
and λ ∈ C1. We need to prove that dimFq (V) = q . For any t ∈ Fq let
ϕt (X, Y ) := 1+ (t X + Y + t2)q−1.
Note that ϕt ∈ V , as t2 + tm + m2λ is different from 0 as λ ∈ C1. Write ϕt (X, Y ) =
ϕt,0(X, Y ) + ϕt,1(X, Y ) + ϕt,q−1(X, Y ), with ϕt,i (X, Y ) homogeneous of degree i . We begin
by proving the following lemma.
Lemma 2.4. The set S := {ϕt,q−1(X, Y ) | t ∈ Fq} is a basis for the linear space W of
homogeneous polynomials of degree q − 1 in Fq [X, Y ].
Proof. Write the polynomial ϕt,q−1(x, y) = (t x + y)q−1 as a linear combination of the usual
basis {x i yq−1−i | i = 0, . . . , q − 1} ofW . It is easy to see that the coefficients of such a linear
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combination are(
q − 1
0
)
tq−1,
(
q − 1
1
)
tq−2,
(
q − 1
2
)
tq−3, . . . ,
(
q − 1
q − 2
)
t, 1.
Put these coefficients in a q × q matrix A. Then, apart from the nonzero factor
c =
q−1∏
i=0
(
q − 1
i
)
,
the determinant of A is of Vandermonde type with elements wi , where i = 0, . . . , q − 1 and w
is a primitive element of Fq , which is well known to be different from 0. 
Let a be any element in V , and write
a(x, y) = Ψ0(x, y)+ · · · +Ψq−1(x, y)
where Ψi (x, y) is a homogeneous polynomial of degree i . By the above lemma,
Ψq−1(x, y) =
∑
t∈Fq
λtϕt,q−1(x, y)
for suitable λt ∈ Fq . Now assume that the polynomial a(x, y) − ∑t∈Fq λtϕt (x, y) is not
identically zero. Then it has degree q−2 and belongs to V , contradicting Theorem 2.1. Therefore
a(x, y) =
∑
t∈Fq
λtϕt (x, y).
This proves that dimFq (V) ≤ q . On the other hand, dimFq (V) ≥ q as V is obtained by imposing
q2−q
2 linear conditions on the (
q2+q
2 )-dimensional linear space of all polynomials in Fq [x, y] of
degree at most q − 1. 
3. A subgroup of PSL(2, q) associated with a blocking set of external lines
Let t be a line in the line-conic C, and B a line-set of size q − 1 which covers all points
uncovered by the lines of C. We begin by showing how to associate with B a set of involutions of
PSL(2, q) viewed as the linear projective group of t . The subgroup generated by these involutions
will play an important role in the proof of Theorem 1.2.
Again, C is assumed to be in its canonical form, that is C consists of the lines of equation
a1X + a2Y + a3T = 0 with ai ∈ Fq and a21 = a2a3. Furthermore, assume t to be the line of
equation T = 0. With any line ` 6∈ C we may associate an involution η` in PSL(2, q). If ` is the
line of equation X = kT , k ∈ Fq \ {0}, put
η`(1, γ, 0) = (1, γ + k, 0), η`(0, 1, 0) = (0, 1, 0),
whereas if ` has equation Y = αX + βT , put
η`(1, γ, 0) =

(
1,
αγ + β
α + γ , 0
)
, for γ 6= α
(0, 1, 0), for γ = α
, η`(0, 1, 0) = (1, α, 0).
As l ranges over B, then the corresponding η` generate a subgroup GB of PSL(2, q). Some useful
properties of GB are stated in the following lemmas.
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Lemma 3.1. Let Λ be the point-set in the line t of equation T = 0 which comprises (0, 1, 0) and
all points covered by some line in B. Then GB fixes Λ setwise.
Proof. As we have shown in the proof of Theorem 2.3, the totally reducible algebraic curve
whose components are the lines in B has the equation
FB(X, Y, T ) :=
∑
s∈Fq
λs(T
q−1 + (t X + Y + t2T ))q−1 = 0,
for some λs ∈ Fq . Let λ = ∑s∈Fq λs . Note that a point (1, v, 0) belongs to Λ if and only if
λ = λv . Now fix P ∈ Λ and ` ∈ B. If either P = (0, 1, 0) or P = ` ∩ t , then η`(P) ∈ Λ by
definition. Assume that P = (1, v, 0) for some v ∈ Fq with λ+ λv = 0, P 6∈ `.
Two cases are distinguished. First, we assume that ` : Y = αX + βT . Note that the point
Q = ( v2+β
v+α , v
v2+β
v+α + v2, 1) ∈ `. As (t v
2+β
v+α + v v
2+β
v+α + v2 + t2)q−1 is equal to 1 for all s ∈ Fq
but s = v, s = αv+β
v+α , FB(
v2+β
v+α , v
v2+β
v+α + v2, 1) = 0 yields λv = λ αv+β
v+α
. Hence η`(P) ∈ Λ, as
λ αv+β
v+α
= λv = λ. Assume now that ` : X = kT . The point Q = (k, vk + v2, 1) belongs to `. As
in the previous case, FB(k, vk + v2, 1) = 0 yields λv = λv+k , and hence η`(P) ∈ Λ. 
Lemma 3.2. If GB fixes one point P on T = 0, then B consists of q − 1 concurrent lines. More
precisely, if P = (0, 1, 0) then B is the set of lines X = kT , k ∈ Fq , k 6= 0; otherwise there
exists β0 ∈ Fq such that B is the set of lines of equation Y = αX + β20 , α ∈ Fq , α 6= β0.
Proof. It is straightforward to check that η` fixes exactly one point on T = 0, namely (0, 1,
0) when ` : X = kT , k ∈ Fq , k 6= 0, and (1, βq/2, 0) when ` : Y = αX + βT . Hence if
P = (0, 1, 0), any ` ∈ B is of type X = kT with k 6= 0. On the other hand, if P = (1, β0, 0),
β0 ∈ Fq , then any ` ∈ B is of type Y = αX + β20T with α ∈ Fq , α 6= β0. 
Lemma 3.3. If there exist two points P = (1, γ, 0), P ′ = (1, γ ′, 0) on T = 0 such that
every involution in GB interchanges P and P ′, then B consists of q − 1 lines through Q =
(γ + γ ′, γ γ ′, 1).
Proof. Let η` be such that η`(1, γ, 0) = (1, γ ′, 0). Then it is easy to see that either ` : Y =
αX + βT , α ∈ Fq , α2 6= β, and γ γ ′ + α(γ + γ ′)+ β = 0, or ` : X = kT , with k = γ + γ ′. In
both cases ` passes through the point Q = (γ + γ ′, γ γ ′, 1), and the lemma is proved. 
4. Proof of Theorems 1.1 and 1.2
Theorem 1.1 is the dual of Theorem 2.1.
To prove Theorem 1.2, the classification of all subgroups of PSL(2, q) is needed; see [2,
p. 213].
Theorem 4.1. For q = 2m , a complete list of subgroups of PSL(2, q), is as follows:
(a) cyclic groups of order d with d | (q ± 1);
(b) elementary abelian groups of order 2k with k ≤ m;
(c) dihedral groups of order 2d with d | (q ± 1);
(d) groups of order 2ks with s|(2k − 1) and s|(2m − 1) which are semidirect products of an
elementary abelian group of order 2k with a cyclic group of order s > 1;
(e) projective linear groups PSL(2, 2k) with k|m.
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Now we are in a position to prove Theorem 1.2.
Proof of Theorem 1.2. Let C be the conic given in its canonical form YT = X2. With each
point P in K we associate an involution in ηP ∈ PSL(2, q) as follows: if P = (α, 1, β), then
put ηP =
(
α β
1 α
)
, otherwise P = (1, 0, k) and put ηP =
(
1 k
0 1
)
. Let G be the subgroup of
PSL(2, q) generated by ηP with P ranging overK. In the dual plane, G coincides with the group
GB defined in the previous section, where B is the line-set corresponding to K. In this setting,
PSL(2, q) is the projective linear group of the line t of equation T = 0.
According to Theorem 4.1 a number of cases can occur for G. We treat them separately,
focusing on the action of G on t . Note that, by Lemma 3.1, G is an intransitive subgroup of
PSL(2, q).
G is neither of type (a), as it contains q − 1 > 2 involutions, nor of type (d), as it is generated
by involutions. If G is of type (b), then G fixes a point; hence the configuration given in case (2)
of Theorem 1.2 can only occur for K by the dual of Lemma 3.2. Assume G to be of type (c).
Since G contains q − 1 involutions, either G has order 2(q + 1) and G is transitive, or it has
order 2(q − 1) and G swaps two points. The former case does not occur, G being intransitive.
In the latter case, the dual of Lemma 3.3 forces K to be the configuration described in (1) of
Theorem 1.2.
We are left with the case where q is a square, and G is isomorphic to PSL(2,
√
q). Since
PSL(2, q) has just one conjugacy class of subgroups isomorphic to PSL(2,
√
q), we may assume
G to be gPSL(2,
√
q)g−1 for some g ∈ PSL(2, q) [2, Sec. II.8].
Note that h ∈ PSL(2,√q) is an involution if and only if h is defined either by
(
λ µ
1 λ
)
, λ, µ ∈
F√q , λ2 6= µ or by
(
1 k
0 1
)
, k ∈ F√q , k 6= 0.
Assume at first that g is defined by
(
a11 a12
1 a22
)
. Then it is straightforward to check that the
involutions in gPGL(2,
√
q)g−1 are those elements defined by(
λ(a12 + a11a22)+ µa11 + a12a22 µa211 + a212
µ+ a222 λ(a12 + a11a22)+ µa11 + a12a22
)
,
for λ,µ ∈ F√q , λ2 6= µ, together with those defined by(
ka11 + a12 + a11a22 ka211
k ka11 + a12 + a11a22
)
, k ∈ F√q , k 6= 0.
Hence, the points in K are those of coordinates (α, 1, β) with either
α = λ(a12 + a11a22)+ µa11 + a12a22
µ+ a222
, β = µa
2
11 + a212
µ+ a222
,
with λ,µ ∈ F√q , λ2 6= µ,µ 6= a222
or
α = ka11 + a12 + a11a22
k
, β = a211, with k ∈ F√q , k 6= 0,
together with the points (1, 0, h) with
h = a
2
11a
2
22 + a212
λ(a11a22 + a12)+ a11a222 + a12a22
, λ ∈ F√q , λ 6= a22.
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Now let Φ be linear transformation of PG(2, q) defined by
Φ : (X, Y, T )→ (X (a12 + a11a22)+ Ya11 + Ta12a22, Y + Ta222, Ya211 + Ta212),
and let Π = Φ(PG(2,√q)). Then Π is a Baer subplane of PG(2, q) containing√q + 1 points
of C, namely the points Φ(P), with P = (ω, 1, ω2), ω ∈ F√q or P = (0, 0, 1). The nucleus
N = (1, 0, 0) of C is fixed by Φ, and hence it belongs to Π as well. Moreover, it is easy to see
that K coincides with the set of points of Π not in C ∪ {N }.
Now, let g be defined by
(
a11 a12
0 1
)
. Then, arguing as above, it is straightforward to check that
the points in K are (α, 1, β) with
α = λa11 + a12, β = µa211 + a212, with λ,µ ∈ F√q , λ2 6= µ,
together with the points (1, 0, ka11), k ∈ F√q , k 6= 0. Let Φ′ be a linear transformation of
PG(2, q) defined by
Φ′(X, Y, T ) = (Xa11 + Ta12, T, Ya211 + Ta212),
and letΠ ′ = Φ′(PG(2,√q)). ThenΠ ′ is a Baer subplane of PG(2, q) containing√q+1 points
of C, namely the points Φ′(P), with P = (ω, 1, ω2), ω ∈ F√q or P = (0, 0, 1). The nucleus
N = (1, 0, 0) of C is fixed by Φ′, and hence it belongs to Π ′ as well. Again, the proof that K
coincides with the set of points of Π ′ not in C ∪ {N } is straightforward. 
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